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2.1 The Binomial Theorem
( a + x ) =

( a + x )2 = 

( a + x )3 =

( a + x )4 =

( a + x )5 =

( a + x )6 =

(A) By considering the coefficients, we can have the following patterns:
1      1

1      2      1

1      3      3      1

1      4      6      4      1

1      5      10      10      5      1

1      6      15      20      15      6      1

 _____  _____  _____  _____  _____  _____ _____  _____

1. the pattern is called Pascal‘s Triangle.
2. there are n + 1 terms in the n th row. 
3. each row begins and ends with a 1.
4. the triangle is symmetric.
5. every coeff. of a row can be obtained by adding the two coeff. on its left and right in the

row above it.

(B) By considering the terms:
Sum of the powers of 2 elements of a term is equal to n.

Example
Expand
1. ( ax＋y )5  

=

2. ( x－by )4  

=

Remarks (Terminology)
(ascending / descending powers of x as far as the term in x3, constant term or term independent of
x, … )
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(C) Relation between Binomial coefficients & Combination

1  1
1  2  1

1  3  3  1
1 4  6  4  1

1  5  10 10 5  1

n
rC r = 0 r = 1 r = 2 r = 3 r = 4 r = 5 r = 6

n = 1
n = 2
n = 3
n = 4
n = 5
n = 6

Remarks : 1. n and r must be positive integers.

2. n ≥  r.
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rnr
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* － Appendix 1

∴ Pascal's Triangle with Combinational coefficients :
1
0C   1

1C
2
0C   2

1C   2
2C

3
0C   3

1C   3
2C   3

3C
4
0C  4

1C   4
2C   4

3C   4
4C

5
0C   5

1C   5
2C  5

3C  5
4C   5

5C

_____  _____  _____  _____  _____  _____ _____
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The Binomial Theorem (for positive integral index)

( a + x )n =  nnaC0 ＋ xaC nn 1
1

− ＋ 22
2 xaC nn − ＋LL＋ rrnn

r xaC − ＋LL＋ nn
n xC
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     general term
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* － Appendix 2

Example
1. Find the 4th term in the expansion of (4x＋5y)10 in descending powers of x. [245760000x7y3]

2. In the expansion of 
12

2 2






 −

x
x , find

(a) the term independent of x, [126720]
(b) the coefficient of x9. [-25344]
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2.3 The Binomial Series
(A) Consider the infinite geometric series

(a)* 1＋x＋x2＋x3＋⋯ ＝ 

(b)* 1－x＋x2－x3＋⋯ ＝

Restriction：-1 < x < 1  or  ︱x︳< 1
* － Appendix 3

 
(B) The General Binomial Theorem

( 1 + x )n = nC0＋ xC n
1 ＋

2
2 xC n ＋LL＋ rn

r xC ＋LL＋ nn
n xC

If n is not a positive integer:
⇒ nC0＋ xC n

1 ＋
2

2 xC n ＋LL＋ rn
r xC ＋LL＋ nn

n xC ＋LL  (infinity series)

= 1＋nx＋ 2

!2
)1( xnn −
＋LL＋ rx

r
rnnnn

!
)1)......(2)(1( +−−−
＋L

= ∑
∞

=

+−−−

0 !
)1()2)(1(

r

rx
r

rnnnn L     general term

∴ When n＝-1

( 1 + x ) -1 =

(C) Restriction
 -1 < x < 1 and n is a rational number ⇒  Convergent Series 收斂級數

P.39

  

Example
1. Find the expansion of ( 1－x ) -1 for x <1.

2. For x <1, find the coefficient of x3 in the expansion of 2
1

)1( x+ .

3. (a) Find the expansions of 3
1

)21( x+  in ascending powers of x as far as the term containing
x3.

(b) State the range of values of x for which the expansion is valid.

4. HKASL 1996 Q8(a)(i),(b)(i)-(iii)

5. Revision Exercise 2  Q20
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Summary
(A) If n is positive integer  ⇒  Binomial Thm (finite no. of terms)

( 1 + x )n = nC0＋ xC n
1 ＋

2
2 xC n ＋LL＋ rn

r xC ＋LL＋ nn
n xC

=  1＋nx＋ 2

!2
)1( xnn −
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r
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!
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＋LL＋ nx

(B) If n is not positive integer  ⇒  Binomial Series (infinite no. of terms)

( 1 + x )n =  1＋nx＋ 2

!2
)1( xnn −
＋ 3

!3
)2)(1( xnnn −−
＋L＋ rx

r
rnnnn

!
)1)......(2)(1( +−−−
＋L



MATH & STAT                                                    Ch2 Binomial Expansion                                                     JCCSS

THOMAS / 2003 / NOTE / P.6

2.2 Summation Notation

∑
=

n

i
ix

1
 ＝ nxxxx ++++ L321

Summation Rules
If a and b are constants, then

(a) ∑
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Exercises 2.2 Q3, 8, 19
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Appendix 1
Use of Calculator(Casio) to evaluate Factorials

Appendix 2
Proof:
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Appendix 3

Example
Sum to infinite of the geometric series 18 + 12 + 8 + ……

Soln
First term ＝ a ＝ 18

Common Ratio ＝ 
termfirst

termondsec  ＝
3
2

∴ S(∞) ＝ 

3
2
8  ＝ 12#


