MATH & STAT Ch2 Binomial Expansion JCCSS
2.1 TheBinomial Theorem

(a+x) =

(a+x)? =
(a+x)® =
(a+x)* =
(a+x)® =

(a+x)® =

(A) By considering the coefficients, we can have the following patterns:

1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1
1 6 15 20 15 6 1

the pattern is called Pascal‘s Triangle.

therearen + 1 termsin the n th row.

each row begins and endswith al.

the triangle is symmetric.

every coeff. of a row can be obtained by adding the two coeff. on its left and right in the
row above it.

agrwbdE

(B) By consideringtheterms:
Sum of the powers of 2 elements of aterm isequal to n.

Example
Expand
1. (ax y)

2. (x by)*

Remar ks (Terminology)
(ascending / descending powers of x as far as the term in X3, constant term or term independent of
X, oor)
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(C) Relation between Binomial coefficients & Combination

1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1
Nlr=0|r=1|r=2|r=3|r=4|r=5|r=6
C:r
n=
n=
n=3
n=
n=>5
n==6
Remarks: 1. nandr must be positiveintegers.
2. n2>r.
nl
3* C orCl= :
ri(n—r)!
* Appendix 1
Pascal's Triangle with Combinational coefficients:
G G
G G G
G ¢ C C
c: ¢ ¢ ¢ c
cC Cc Cc& c Cc C

0
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The Binomial Theorem (for positiveintegral index)
(a+x)n = Cgan Clnan_lx Cn n-2 2 ...... Crnan "' Cr?)(n
n
Z Cla""x" Y \= general term
|
where 1. C/'= ks
r'(n—r)!
2*x CM=CPn,
3* cMt=cl,+C
* Appendix 2
Example
1.  Findthe 4th termin the expansion of (4x 5y)* in descending powers of x. [245760000x’y?]
12
2. Inthe expansion of (xz —Ej , find
X
(@ theterm independent of x, [126720]
(b) the coefficient of x°. [-25344]
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2.3 TheBinomial Series
(A) Consider theinfinite geometric series

@+ 1 x x* x

b* 1 x x* x

Restriction -1<x<1 or X <1
* Appendix 3

(B) The General Binomial Theorem

(1+x)" = Cj C'x ngz ...... CMx" e chx"
If nisnot a positive integer:
=CJ C'x CIx* ..en Cx" e Chx" e (infinity series)
-1 n(n-1) W2 n(n-H(n-2)......(n—r +1) W
2 r!
_ z n(n-H(n-2)---(n—r +1) o general term
r!
r=0
Whenn -1
(1+x)1=

(C) Restriction
-1<x<1landnisarational number = Convergent Series

P.39 5, 5 5
.;I _W 1
L

) \VAVAVAVIRRS
T T T T T—1 T 1 T 1 T
ﬂ|123¢§ ':'|12:-|-l-EBTE Ol12aMslere
(I} x=0.5 (i x=1 {iii) =15
Figure 22 8§ =f-x+5 - . +1F"
Example

1. Findtheexpansionof (1 x)for [¥<1.

NP

2. For |x<1, find the coefficient of x* in the expansion of (1+X)2.
1
3. (d) Findtheexpansionsof (1+2x)3 in ascending powers of x as far as the term containing
X3,
(b) Statetherange of values of x for which the expansion isvalid.
HKASL 1996 Q8(a)(i),(b)(i)-(iii)

Revision Exercise2 Q20
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Summary
(A) Ifnispositiveinteger = Binomial Thm (finite no. of terms)

(1+x)" = CJ C'x CQXZ ...... CMx" e chx"

_— n(n—l)x2 ...... n(n—l)(n—Z)'. ..... (n—r+1)Xr ...... N
r!

(B) Ifnisnot positiveinteger = Binomial Series (infinite no. of terms)

(14x)" = 1 n(nz'—l)xz n(n—g(n—Z)X3 n(n—l)(n—Z)'. ..... (n—r+1)xr

rl
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2.2 Summation Notation

X Xg + Xg + Xg + 0+ X,

n
i=1

Summation Rules

If aand b are constants, then

(@ Zn:(axi thy,) azn: X; ibzn: Yi
i=1 i=1

i=1

(b) Zn:(axi +b) azn: X tnb
i=1 i=1

(©) Zn‘,(xiiyi)2 ixizﬂiwi >yl
i=1 i=1 i=1 i

Exercises2.2 Q3, 8, 19
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Appendix 1

Use of Calculator (Casio) to evaluate Factorials

Factorial

Five women work im the plani; of these groups, how rany woukl inclale
4 womend

51 al 5! 5l

== X

HNE -4 Tm-T A
Ky di: Anzwer
5 (FE4 ENE 8 EE T EE “
Hipw ity @iocpdngs will include 5 womend

This el caboulation may D carvied ot dirsctly on caboulainn that have
coimdbd nazce |nCrk and permasation da Pl keys

Koy in: Ancwer
13 5 B (=] T2HT
s (o (18 =1 =] -

Thie passibele an seniis that can e made from 3 partiodar group is
called the number of perreutations wiich 4 defined as

& wham:
I A = number of obecs
# = the number maken & e lime
The “TrikmAd" in boet rackel means sefecting, pod Betting an B A,
wacnd and third fintshers within 3 race, B there s B eilianis inoa moe,
vehat are the ndds of winningi

Key i Afswir:
B3 =] T (1 ot of 336)

The Trifecia "Dox* means selecting the feee winnes regardless of thise
ondir of Tinish, Selction of a grouping withow a speciiied oider is keown
s a combinaton. The number of combinasons will always be smaller #han
the number of peretations for the same valies

Key in: Answer:
== L
PAAT &' Basios
Appendix 2
Proof:
2. Cn, L 3,
(n=)[n=(n=r)]!
n!
(n=r)I(r)!
cr

ClL+C/

Factorial

The factoral is mporiant in seeeral preas ol mathesnalics inciafing siabis-
lics. The facioral of & numiser i Sal sunber mudtpbed by Bl e one
anid then by that namdkser less ore unhl one is reached (o= g whole number
anlyi

o= % IF=1 W . wdxIwTul
5l = SMdwIimIn] = 150
B o= OFf =

The facionial key s an operl
Caloulstes 100 &+ 85 104 — 9 631 A0

Key in: Asveer;
10ENE B ET =] ]
10E =18 E0E=] 3,265,500
1= T 1, 711224523 = 107"
FOET E

Made: The vidve of the facrovial for numbers grealer than 69 evceeds the
Capsacity Oof the caltilator and Wy resull in am oweevTlow enmor,

Five employees will be evalusted a5 By work 57 gioups of Two, i
mary difierem groups am posibled

e ol
5 — 2 E]]

Key b Anmeen
5EEIZENE] m

Tha Tive emplovees will be deawn from a total of 13 working in a plant.
Hiw many combinations of five are possible.

13! __ 13
Bara - 8 g5 = Bl
Kep fm Amiwrer:
13 EEI S EEISEN=] 18T
FART - Fasics
n! n!

(r —1)![n.—(r =Dt ri(n=r)!

nl { 1 +}}
r=-D'(n=r){n-r+1 r

n! r<n-r+1
(r='(n-r)! {(n—r +Dr }
(n+DHn!

r(r=D!'(n—r+H(n—r)!

(n+1!
r'(n—r +21!

(n+1)!
M(n+2)—r]!
Crn+l
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Appendix 3

Arithmetic and Geometric Series
Saection 2.4 Sum to Infinity of a Geometric Series

KEY CONCEPTS AND FORMULAE

The sum to infinity of a geometric series § (=) with the first term a and the
common ratio R is given by
§(=)=

a

1-R’

where -1 <R < 1.

Example
Sum to infinite of the geometric series18+ 12+ 8+ ......

Soln
First term a 18
Common Ratio w 2
first term 3
8
S(e0 ) > 12,
3
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