MATH & STAT Ch 7 Applications of Differentiation JCCSS
7.1 Gradient
. Revision
1.  Distance between 2 points
A
d =% =) +(y, - )’ -
2. Slopeof astraight line Y, [
m=22"Y1 o m-tang
Xp =%
3.  Equation of straight line i
(@ Genera form Ax+By+C=0 1< >
(b) Point —slope form Y% _m % %
X=X
(c) 2 pointform Y= % _ Y~
X=X X, =X
(d) Slope—interceptform y=mx+c
4. If 1 /1, then m,=m,.
Iif 1, L1,,then m x m,=-1
II. Gradients
From Ch.5
If y =f(x), then Gradientsat x=¢c < f'(X) |,
y
Eqt’ of Tangent pP224
y- yl — fr(xl)
X=X
Eqt’ of Normal P.225
Y=Y _ -1
x=x  f'(x)
[ ° )
Exercise 7.1 Q3,5, 7, 13 P.229 - 230
7.2 Ratesof Change
Averagerate of change vs Instantaneousrate of change P.231
dx
Rate of change of x > &
Rate of change of x withrespecttoz = %
z
Exercise7.2 Q7,9,10, 12, 15, 22 P.239 - 241

THOMAS/ 6note7.doc/ P.1



MATH & STAT Ch 7 Applications of Differentiation JCCSS
7.3 Maximaand Minima

First Derivative Test P.247 - 248
Casel Case?2
f'x)>0 | f'(x)=0 | f'(x)<0 f'x)<0 | 'x)=0 | f'(x)>0
max min

I. Increasing & Decreasing functions P.242 - 243
Increasing Function: f’(x) >0  Decreasing Function: f’(x) <0

[I. Maxima& Minimaor Stationary point P.246 - 247
Turning point: f'(x) =0  ( max or min)

Exercise 7.3 Q22, 27, 24 P.253 - 254

7.4 Concavity & Second Derivative Test
. Concavity P.255 - 256, P.262

concave upward / convex concave downward / concave
f'(x)>0 f"(x)<0
min max

1. Point of Inflection P.259

concave concave concave concave
upward downward downward upward

For point of inflection

@ f"(x)=0

(b) f" (x) changessign asx increasing
Exercise 7.4 Q23, 24, 26 P.265 - 266
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MATH & STAT Ch 7 Applications of Differentiation JCCSS

7.5 Asymtotes P.269
Horizontal (lineparallel x-axis) y k [f(X) - kasx - o orx —» o ]
Vertical (line parallel y-axis) X € [f(X) > o0 Or o asx -corX —c']
Exercise 7.5 Q10, 12, 19 P273- 274

7.6 Maximization / Minimization
AbsoluteMax/Min vs ReativeMax/Min (local) P.275

Exercise7.6 Q1, 7, 11, 16,17, 21 P.283 - 286

7.7 Approximation

Area changed
X AX
X L
—_— y o
y o
Ay 5
===
A xy Ay Xy | XAy yAx: AXAY
By differentiation,
A Xy
A4 doy)  differential (© %)
xdy ydx

If AX, Ayissmal = AxAy = 0, AX = dx, Ay ~ dy
Ay Xy XAy YAX AXAY
Xy xdy yadx 0
A . xy + dA P.290
[ AA changeof A; dA small change of A ]

Exact value vs Approximate value
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INFLEXION

A point on a curve where the sense of the curvature changes, ! lled & poinr
of inflexion,
E.E.

Note that, at any point of inflexion, the curve crosses the tangent drawn at that
point, . "
On one side of a point of inflexion,  Plxj. v} acurve 1s concave and on 1
other side it is convex. 5o on one side of P the gradient is increasing 28 x
increases, while on the other side of P the gradient decreases as x increases,

e

dy %
= increasing
g—ﬁ decTeusing i

1l’["’l.l .;II:I

gi_' INCTEASINg

dox e

d ; :
Now if the gradient is increasing, '—(Q)}’ 0 and if the gradient is decreasing,

d
Therefore, as 3 curve passes through a point of inflexion, E(ﬂ changes

d!
sign. It follows that, unless a% has a singularity where x =x,

dy
P is a point of inflexion = §=ﬂl at P

The converse of this statement iz not always true however s0 we canmor assume

that we have an inflexion whenever — = 0.

Ii! ﬂ'l
For instance, if » =x", ;‘z= 12x* so E‘E=0 when x =10,

But we already Ynow that this curve has a minimum tuming point when x =0
and not a poir. . inflexion.
i

d?y
Thus the condition E)’ =0. isnot sufficient to define a point of inflexion.

The further condition we need is obtained by noting that, because a curve
crosses the tangent at a point of inflexion, the sign of the gradient does nor
change as the curve passes through this point (whereas at a turning point

dy

-

_ dy )
P does change sign) and that o changes sign.

Sao the necessary and sufficient conditions for a point P to be a point of
inflexion are that, as the curve passes through P,

dﬂ
EJ: changes sign

dy
— t chal ign.
dx OEL NOT ChANge SIgn



MATH & STAT Ch 7 Applications of Differentiation JCCSS
Exerplses Y 6 — 2x
Exercise7.1 dx
’ 5 Y =6-20=6
o " -3 X[ -0
X The equation of the tangent at (0, 0) is
dy =-3(-1)?=-3 y—0 =6(x-0)
x| -1 6x-y =0 ... )
~. The equation of the tangent : dy _ _
y—7 =-3(x+1) P =6-2(6)=-6
Xx=6
Sry-4 =0 Th ion of the tangent at (6, 0) i
The equation of the normal : eequation of the tangertt & (6, 0) is
1 y—0 =-6(x-6)
y-7 = Z(x+1) 6x+y—-36 =0 ... )
3 b) (O)+(2), 12x-36 =0
X—3y+22 =0. Xx=3 ... ©)
5, y = X @3)into (1), 6(3)-y =0
1+ x y =18
1+X)- d (2x) - 2x~i 1+X) . The point of intersection of the tangents is
dy _ dx dx (3, 18)
dx 1+x)? Exercise 7.2 .
3 7 (9@ vV=x ... 1)
= %)sz(l) Therate of change of V with respectto xis
1+x) av
— =3%
_ 2 dx
= o x)2 (b) Differentiating (1) with respect to timet,
d_V = 3X2 . %
dp - _2 _ 1 O dt
2
dXl—5 (1+5) 18 Vv —25 isa constant
. The equation of the tangent : dt
5 1 When x = 10,
_— = —_ 5
73 T8 =5 -25 =3(107) - %
x—18y+25 =0 d 1
The equation of the normal : X - =
5 dt 12
y—— =-18(x-5) , - 1
3 The length of an edge is decreasing at - cm/s
. 54Xy+ 3};()—g2(125+=1;3 9. @ () V=mth ... )
Therate of change of V with respecttohis
d .1 &
dx  (x2+1)In10 T
_ 2x (ii) Therate of change of V with respecttor is
(¢ +1)In10 ‘:'j_\r’ =2nrh
& = 23 = 3 (b) Differentiating (1) with respect to timet,
dx,.3 (& +1)In10  5In10 av . dh _
. The equation of the tangent : "' ot (1 risaconstant)
3 —
-1 = -3 =1(2% (-0.5)
y 5in10 &Y =_2n
3x-(5In10)y+5In10-9 =0 i.e. Thevolumeisdiminishing at 2r cm*min
The equation of the normal : i.e. P decreases at 22.5 units per second
. _ —5Inl0 10. (a) (i) s(t) =3t?+5t
y=1= 59 S2) =3(2¢ +5(2)=22
(5In10)x +3y—-3-15In10 =0 s(2.5) =3(2.5)%+5(25)=3125
13. (a) Forparabola y=6x—X, - The average velocity fromt=2tot=25
when y=0, is
0 =6x— X2 31.25-22 - 185
0 =x(6-X) 25-2 '
o x=0o0r6
i.e. The parabola cuts the x-axis a (0, 0) and
(6,0)
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10. (a) (i) s(2.01) =3(2.01)?+5(2.01) =22.1703
. The average velocity from t = 2 to

t=201is
22.1703-22

201-2
(b) v= g _ 6t+5
dt
.. Thevelocity at (t=2) =6(2) + 5=17
s =30t-5t?
ds
vV = —
dt
=30-10t
(b) At the highest point, the velocity of the ball is0,
0 =30-10t
t =3
(¢) Whens =0,
0 =30t-5t2
0 =5t(6-1)
st =0o0r6
Thus, the ball reachestheground at t = 6
Its velocity at that instant = 30 — 10(6) = -30
15. Suppose the helicopter is y m from the boy when it is
at ahorizontal distance x m from the boy.
By the Pythagoras' theorem,

=17.03

12. (a)

Fm 100m
xm
y* =1007 + %
Y =10000+x% ...... (@)
dy dx
L= =X —
Y ow T
d X dx
Yoo x&x )
dt y dt
When'y = 260,
from (1), 260° = 10000 + X
X =240
dx
As at =-30,
putting these into (2),
dy _ 240
— = —x(-30
o - 260 0
= _273
13

i.e. The helicopter is approaching the boy at 27% m/s

22. (8 Letskm be the distance between the two trains

atp.m., wheret>1

Thus & = (75072 + [éf)&fj 1)]2
= 5625(2 + 6400(t — 1)2 e
®) - 2% = 5625(21) + 6400[2(t - 1)]  ...(2)

Whent=2,

from (1), & =5625(2?) +6400(2 — 1)

s =170

Hence, from (2),
2(170) % =5625(2 x 2) +6400[2(2 - 1)]
ds

dt 17

At 2 p.m., the trains are separating at
103E km/h
17

Exercise 7.3
22. fX) =x*-x-x+1
f/(x) =3¢%-2x-1
=(3x+1) (x-1)
f’() =(3x+1) (x-1)=0
when x = 1 orl
f'(<1) =[3-D)+1](-1-1) = 4>0
f’(0) =[3(0)+1] (0-1) = -1<0
f'(2 =[32+1] (2-12) = 7>0
(X hasamaximumatx:—% and

aminimumat x=1

e (SR ()

is amaximum value
f()=1*-1>-1+1=0isaminimum value

FEfg=y -9 —x+1

1 L
1 L}
. )
4
24, f(x) = x3
4l
f’ = 3
(9 = 3x
41
/() = 2x*=0
) = 3x
when x=0
4
f(0) = 0°=0
1
4 = 4
f/(-1) = =(-D3=-=<0
(-1 3() 3
4. 4
f(l)==-1°==>0
(D=30°= 3>

(0, 0) isaminimum point
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27. f(x) =x€ | i
d d A
f/()) =x-— (@) +e-— (¥ | I
dx dx / 1
= xe& + & (1) vl
= (x+ e '

f/(x) =(x+1e=0
when x=-1( €>O0foralx)

f(-1) = (—1)e-1:‘—1

e
f/(-2) = (-2+1)e?=—-e2 <0
f7(0) =(0+1)=1>0

" (—1,_—1) isaminimum point of f (x)
e

Exercise 7.4
23. f(X) =x*-6x2+5
fr(x) =3x%—-12x
f7(x) =6x—12
Thus, f’(x) =3x(x-4)=0
when x =0or4
f(0) =0°-6(0) +5=5
f(4) =4-6(4)+5=-27
f”(0) =6(0)-12=-12<0
.. (0, 5) isamaximum point
f74) =6(4)-12=12>0
. (4,-27) isaminimum point
f7(x) =6x-12=0
when x =2
f(2)=2°-6(29+5=-11
f7(2)<0andf 7(2)>0
.. (2,-11) isapoint of inflection

P Sy

s - 'I".r-.'r
S
24. f(x) =3¢-x3
fr/(x) =6x-23x
f7(x) =6-6x

Thus, f’(x) =3x(2-x)=0
whenx=0o0r 2
f(0) =3(0®)-0=0
f(2 =3(20-22=4
f”(0) =6-6(0)=6>0
.. (0, 0) isaminimum point
f7(2 =6-6(2)=-6<0
. (2, 4) isamaximum point
f7(x) =6-6x=0
when x=1
f() =3(1»-13=2
f7()>0and f”(1) <0
.. (1, 2) isapoint of inflection

26. f(X) =(x+1)2*(x-2)
/) =(x+1D? (D) +2(x+1) (x-2)
=3(x+1)(x-1)
f7(x) =6x
Thus, f’(x) =3(x+1)(x-1)=0
when x=-lorl
f(-1) =(-1+13%(-1-2)=0
f() =(1+1)°1-2)=-4
f7(-1) =6(-1)=-6<0
.. (-1, Q) isamaximum point
f7(1) =6(1)=6>0
. (1, —4) isaminimum point
f7(x) =6x=0
whenx=0
f(0) =(0+1)?0-2)=-2
f7(0)<0and f”(0)>0
.. (0, -2) isapoaint of inflection

Exercise 7.5

0. f() = =
X

lim f(x)= lim f(x)=0
X—>00 X—>—00

y = 0isahorizontal asymptote
lim f(x) = Iim f(X)=w
x—>0" x—0"

x=0isavertical asymptote

12, g = 21
X+5
lim f() = lim 21
X—>00 x—w X+5
= lim
x>0 1,5
X
-2
1
=2
Similarly, lim f(x)=2
X—>—0

y— 2 =0isahorizontal asymptote

lim f(x)=cand lim f(x)=—o0
X—-5" X—-5"

x+5=0isavertica asymptote
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MATH & STAT Ch 7 Applications of Differentiation JCCSS
1. = &1 7. (© S = Lox_a)
X+ 4 dX 8
1 ds _1
e o 4
lim = lim 7 2 ds 1
X X+4 0w g, 4 — = Z(2x-40)=0whenx=20
X dx 8
_ 2
Smilarly, lim 221 - aws 1.,
x——0 X+4 dX2 4
y—2=0isahorizontal asymptote - x=20
1 ox—1 Sis minimum when x = 20
li = d i =—
XJ('E;)* X+4 oan H'{Ily X+4 * £<0 for 0<x<20 and
X+ 4 =0isavertical asymptote
' aymp £>0 for 20<x<40
I Sis decreasing on [0, 20) and
g4 increasing on (20, 40]
I Hence, Sisthegreatest at x=0o0r x =40
— ! 2 M2
. Whenx=0, s= L 4@0=07 _ 44,
= r 16 16
! e 2 _ 2
! Whenx:4o,3:£+wzloo
! 16 16
Exercise 7.6 ! The greatest value of Sis 100 cm? when the
1. Letxbeoneof the numbers (d) Thev}';g?/:lr:]?;f
Then, the other number = 18 — x
: _ 20% (40— 20)2
Their product, P =x(18-x) S == +>—_=2 _ (whenx=20)
P _ 18 — 2x 16 16
ax =50 cn?
d’P 5 11. (a) Thelength of aside of the base = (24 — 2x) cm
e Volume of the box, V = x(24 — 2x)* cm®
av _ d 2 , d
g — Owhenx =9 (b) G TX g (24297 +(24-297 (¥
=X-[2(24 - 2X) (-2)] + (24 - 2x)* (1)
d’p| = (24— 2X) (24 - 6X)
— =-2<0 Y
g oF ~ @200 +(24-69(-2)
P isthe greatest when x =9 X — 190 + 24x
i.e. Therequired numbersare9 and 9 B
av _ _ .
)2 o Owhen x =4 or 12 (rejected)
7. (@) Theareaof thefirstsquare = (Zj )
av Y =102+ 240)
= X—cm dx x=4
16 =-96
40— x\? <0
The area of the second sguare = [ 2 j cm? V is maximum when x = 4
i.e. The height that yields maximum volume is
_ (40-%)? o2 4cm

(b) The sum of the areas,
*2, (40-%?
16 16

S =
=1 e
= = (22— 80x + 1600)
16

= % (X? — 40x + 800)

16. (@ (i) Lethcmbetheheight of the cylinder
Perimeter of thesheet =2x+2h =72
h =36-x
(if) Letr cm bethe base radius of the cylinder
Circumference of the cylinder = 2nr =x
X

r = —
2r
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16. (b) Volume of the cylinder, dav _ 3 a2
V =nmh 21. (c) o 2rc(16r 3r9)
2 2
X d<v 3
= 2| (36-x — = —n(16-6r)
§ (27[) ( ) dr? 2
av 16
- 4i (36% - X9) g =0 when r= > or0 (et
T
av _ 1 RY 3 (16)
— = — (72x-3¢ — = —7|16-6| —
o " 4 P aZ| 16 2 { 3
ddv 1 8
— = —(712-6x) =247 <0
dx Az 16
av 1 Vismaximumwhenr = —
= = — .3x(24-x=0 , 3
dx 4z The corresponding value of
when x = 24 or O (rejected) 16
d?v 1 3[8_3j
=l on = — [72-6(24 h=—~ _2/=4
e = - (722624 5
:—1—8<O i.e. The cylinder with baseradiuss:—l3 cmand
T

17.

21.

V is maximum when x = 24
i.e. Therequired dimensionsare 24 cm x 12 cm
(@ (i) Lethcmbetheheight of the can
Capacity of thecan = nr’h=54n
h = E
r2
(i) Let Scm? be the surface area of the can
S =2nr?+ 2nrh

=2nr? + 2nr (5—3]
r
=2n [r2+%j
r
das _ 54
(b) —r =2r (Zr—r—zJ
2
d_§ :Zn 2+£’8
dr r3
as =0 when 2r—z;:0
dr r
=27
r =3
2
TS <o (o]
dre| g 3

=12x>0
Sisminimumwhenr =3
(@) By similar triangles,

12—-h _r
12 8
h = 12—i
2

(b) Thevolume of the cylinder,
V =nurhh

height 4 cm gives the greatest volume
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