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7.1 Gradient
I. Revision

1. Distance between 2 points
2

2
2

21 )()( yyxxd z −+−=
2. Slope of a straight line

12

12

xx
yy

m
−
−

=  or θtan=m

3. Equation of straight line
(a) General form Ax + By + C = 0

(b) Point – slope form m
xx
yy

=
−
−

1

1

(c) 2 point form
12

12

1

1

xx
yy

xx
yy

−
−

=
−
−

(d) Slope – intercept form y = mx + c
4. If 21 // ll , then m1 = m2.

If 21 ll ⊥ , then m1 × m2 = -1

x1 x2

y1

y2

θ

II. Gradients
From Ch.5
If y = f(x), then Gradients at x = c ⇔  cxxf =′ |)(

0 x

y
normal

tangent

y=f(x)

P(x  , y  )1 1

slope

slope

1
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f '(x  )

=
1

= f '(x  )

Eqt’ of Tangent P224
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Eqt’ of Normal P.225
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1
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′
−

=
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Exercise 7.1 Q3, 5, 7, 13 P.229 - 230

7.2 Rates of Change

Average rate of change  vs  Instantaneous rate of change P.231

Rate of change of x ⇒
dt
dx

Rate of change of x with respect to z ⇒
dz
dx

Exercise 7.2  Q7, 9, 10, 12, 15, 22 P.239 - 241
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7.3 Maxima and Minima
First Derivative Test P.247 - 248
Case l Case 2

f ’(x) > 0 f ’(x) = 0 f ’(x) < 0 f ’(x) < 0 f ’(x) = 0 f ’(x) > 0
max min

I. Increasing & Decreasing functions P.242 - 243
Increasing Function : f ’(x) > 0； Decreasing Function : f ’(x) < 0

II. Maxima & Minima or Stationary point P.246 - 247
Turning point : f ’(x) = 0； ( max or min )

Exercise 7.3 Q22, 27, 24 P.253 - 254

7.4 Concavity & Second Derivative Test
I. Concavity P.255 - 256, P.262

concave upward / convex concave downward / concave
f ’’(x) > 0 f '’(x) < 0

min max

II. Point of Inflection P.259

concave
upward

concave
downward

concave
downward

concave
upward

For point of inflection
(a) f " (x) = 0
(b) f " (x) changes sign as x increasing

Exercise 7.4 Q23, 24, 26 P.265 - 266
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x

y

x

y

∆y

∆x

7.5 Asymtotes P.269
Horizontal (line parallel x-axis)： y＝k  [ f(x) → k as x → ∞ or x → －∞ ]
Vertical (line parallel y-axis)： x＝c  [ f(x) → ∞ or －∞ as x → −c or x → +c  ]
Exercise 7.5 Q10, 12, 19 P.273 - 274

7.6 Maximization / Minimization
Absolute Max / Min  vs  Relative Max / Min (local) P.275

Exercise 7.6 Q1, 7, 11, 16, 17, 21 P.283 - 286

7.7 Approximation 近似值
Area changed：

A＝xy Anew ＝ xy ＋ x∆y ＋ y∆x ＋ ∆x∆y
                     

By differentiation,
A ＝ xy

dA ＝ d(xy) differential (  
dr
dA )

＝ xdy＋ydx
 

If  ∆x, ∆y is small ⇒  ∆x∆y ≈  0, ∆x ≈  dx, ∆y ≈  dy
Anew ＝ xy ＋ x∆y ＋ y∆x ＋ ∆x∆y
＝ xy ＋ xdy ＋ ydx ＋ 0

∴  Anew ＝ xy + dA P.290
[ ∆A － change of A ;  dA － small change of A ]

Exact value vs Approximate value
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Exercises
Exercise 7.1
3. y = 6 − x3

dy
dx

= −3x2

1−=xdx
dy = −3(−1)2 = −3

∴ The equation of the tangent :
y − 7 = −3(x + 1)

3x + y − 4 = 0
The equation of the normal :

y − 7 = 
3
1 (x + 1)

x − 3y + 22 = 0.

5. y = 2
1

x
x +  

dy
dx

= 2) + 1(

) + 1(  2  )2(  ) + 1(

x

x
dx
dxx

dx
dx ⋅−⋅

= 2) + 1(
)1(2  (2) ) + (1

x
xx −

= 2) + (1
2
x

5=xdx
dy = 2

(1 +  5)
 =  1

182

∴ The equation of the tangent :

3
5  −y = 1

18
(x − 5)

x − 18y + 25 = 0
The equation of the normal :

3
5  −y = −18(x − 5)

54x + 3y − 275 = 0
7. y = log (x2 + 1)

dy
dx

= )2(  
10ln  1) + (

1
2 x

x
⋅

= 2
2

x
x(  +  1) ln 10

3=xdx
dy = 2 3

32
( )

(  +  1) ln 10
 =  3

5 ln 10

∴ The equation of the tangent :

y − 1 = 3
5 ln 10

 (x − 3)

3x − (5 ln 10)y + 5 ln 10 − 9 = 0
The equation of the normal :

y − 1 = 3)  (
3

10ln  5
−

− x

(5 ln 10)x + 3y − 3 − 15 ln 10 = 0
13. (a) For parabola  y = 6x − x2,

when  y = 0,
0 = 6x − x2

0 = x(6 − x)
∴ x = 0 or 6
i.e. The parabola cuts the x-axis at (0, 0) and

(6, 0)

    dy
dx

= 6 − 2x

0=xdx
dy = 6 − 2(0) = 6

∴ The equation of the tangent at (0, 0) is
y − 0 = 6(x − 0)

6x − y = 0 . . . . . .(1)

6=xdx
dy = 6 − 2(6) = −6

∴ The equation of the tangent at (6, 0) is
y − 0 = −6(x − 6)

6x + y − 36 = 0  . . . . . .(2)
(b) (1) + (2), 12x − 36 = 0

x = 3  . . . . . .(3)
(3) into (1), 6(3) − y = 0

y = 18.
∴ The point of intersection of the tangents is

(3, 18)
Exercise 7.2
7. (a)   V = x3      . . . . . .(1)

The rate of change of V with respect to x is
dV
dx = 3x2

(b) Differentiating (1) with respect to time t,
dV
dt

= 3x2 ⋅ dx
dt

∵
dV
dt

= −25 is a constant

∴ When x = 10,

−25 = 3(102) ⋅ dx
dt

dx
dt

= 
12

1−

The length of an edge is decreasing at 1
12

 cm/s

9. (a) (i) V = πr2h . . . . . .(1)
The rate of change of V with respect to h is
dV
dh

= πr2

(ii) The rate of change of V with respect to r is
dV
dr

= 2πrh

(b) Differentiating (1) with respect to time t,
dV
dt

= 
dt
dhr 2    ⋅π    (∵ r is a constant)

= π(22) (−0.5)
= −2π

i.e. The volume is diminishing at 2π cm3/min
i.e. P decreases at 22.5 units per second

10. (a) (i) s(t) = 3t 2 + 5t
s(2) = 3(2)2 + 5(2) = 22

s(2.5) = 3(2.5)2 + 5(2.5) = 31.25
∴ The average velocity from t = 2 to t = 2.5

is

25.2
2225.31

−
− = 18.5
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10. (a) (ii) s(2.01) = 3(2.01)2 + 5(2.01) = 22.1703
∴ The average velocity from t = 2 to      

t = 2.01 is

2  01.2
22  1703.22

−
−  = 17.03

(b) v = ds
dt

 = 6t + 5

∴ The velocity at (t = 2) = 6(2) + 5 = 17
12. (a) s = 30t − 5t 2

v = ds
dt

= 30 − 10t
(b) At the highest point, the velocity of the ball is 0,

∴ 0 = 30 − 10t
t = 3

(c) When s = 0,
0 = 30t − 5t 2

0 = 5t(6 − t)
∴ t = 0 or 6
Thus, the ball reaches the ground at t = 6
Its velocity at that instant = 30 − 10(6) = −30

15. Suppose the helicopter is y m from the boy when it is
at a horizontal distance x m from the boy.
By the Pythagoras’ theorem,

y2 = 1002 + x2

∴ y2 = 10 000 + x2 . . . . . .(1)

2y ⋅ dy
dt

= 2x ⋅ 
dt
dx

dy
dt

= 
dt
dx

y
x   ⋅ . . . . . .(2)

When y = 260,
from (1), 2602 = 10 000 + x2

∴ x = 240

As 
dx
dt  = −30,

putting these into (2),
dy
dt

=    )30(
260
240

−×

= 
13
927−

i.e. The helicopter is approaching the boy at 27 9
13

 m/s

22. (a) Let s km be the distance between the two trains
at t p.m., where t ≥ 1

Thus s2 = (75t)2 + [80(t − 1)]2

= 5625t2 + 6400(t − 1)2  . . .(1)

(b) ∴ 2s ds
dt

= 5625(2t) + 6400[2(t − 1)]  . . .(2)

When t = 2,
from (1), s2 = 5625(22) + 6400(2 − 1)2

s = 170

Hence, from (2),

2(170) ds
dt

= 5625(2 × 2) + 6400[2(2 − 1)]

ds
dt

= 10314
17

∴ At 2 p.m., the trains are separating at

10314
17

 km/h

Exercise 7.3
22.  f (x) = x3 − x2 − x + 1

f ′ (x) = 3x2 − 2x − 1
= (3x + 1) (x − 1)

∴ f ′ (x) = (3x + 1) (x − 1) = 0

when  x = 
3
1

−  or 1

f ′ (−1) = [3(−1) + 1] (−1 − 1) =  4 > 0
f ′ (0) = [3(0) + 1] (0 − 1)  =  −1 < 0
f ′ (2) = [3(2) + 1] (2 − 1)  =  7 > 0

∴ f x( )  has a maximum at x =
3
1

−  and

a minimum at x = 1

i.e.
27
51 = 1 + 

3
1  

3
1  

3
1 = 

3
1 23







−−






−−






−






−f

is a maximum value
)1(f = 13 − 12 − 1 + 1 = 0 is a minimum value

24. f (x) = x
4
3

f ′ (x) = 4
3

1
3x

∴ f ′ (x) = 4
3

1
3x  = 0

when x = 0

f ( 0) = 0
4
3  = 0

f ′ (−1) = 
3
4)1(

3
4 3

1

−−  =  < 0

f ′ ( 1) = 4
3

1
1
3( )  =  4

3
 > 0

∴ (0, 0) is a minimum point
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27. f (x) = x ex

f ′ (x) = x ⋅
dx
d (ex) + ex ⋅

dx
d (x)

= xex + ex (1)
= (x + 1)ex

∴ f ′ (x) = (x + 1)ex = 0
when x = −1 (∵ex > 0 for all x)

f (−1) = 
e
1e)1( 1 −

− − =

f ′ (−2) = 22 ee2( −− −− =)1+  < 0
f ′ (0) = (0 + 1)e0 = 1 > 0

∴ )
e
1,1( −

−   is a minimum point of f (x)

Exercise 7.4
23. f (x) = x3 − 6x2 + 5
     f ′ (x) = 3x2 − 12x

f ′′ (x) = 6x − 12
Thus, f ′ (x) = 3x(x − 4) = 0
when  x = 0 or 4

f (0) = 03 − 6(02) + 5 = 5
f (4) = 43 − 6(42) + 5 = −27

 f ′′ (0) = 6(0) − 12 = −12 < 0
∴ (0, 5) is a maximum point

f ′′ (4) = 6(4) − 12 = 12 > 0
∴ (4, −27) is a minimum point

f ′′ (x) = 6x − 12 = 0
when x = 2

f (2) = 23 − 6(22) + 5 = −11
∵ f ′′ (2−) < 0 and f ′′ (2+) > 0
∴ (2, −11) is a point of inflection

24. f (x) = 3x2 − x3

f ′ (x) = 6x − 3x2

f ′′ (x) = 6 − 6x
Thus, f ′ (x) = 3x(2 − x) = 0
when x = 0 or 2

f (0) = 3(02) − 03 = 0
f (2) = 3(22) − 23 = 4

f ′′ (0) = 6 − 6(0) = 6 > 0
∴ (0, 0) is a minimum point

  f ′′ (2) = 6 − 6(2) = −6 < 0
∴ (2, 4) is a maximum point

  f ′′ (x) = 6 − 6x = 0
when x = 1

f (1) = 3(12) − 13 = 2
∵ f ′′ (1−) > 0 and  f ′′ (1+) < 0
∴ (1, 2) is a point of inflection

26. f (x) = (x + 1)2 (x − 2)
f ′ (x) = (x + 1)2 (1) + 2(x + 1) (x − 2)

= 3(x + 1) (x − 1)
f ′′ (x) = 6x

Thus, f ′ (x) = 3(x + 1) (x − 1) = 0
when  x = −1 or 1

f (−1) = (−1 + 1)2 (−1 − 2) = 0
f (1) = (1 + 1)2 (1 − 2) = −4

f ′′ (−1) = 6(−1) = −6 < 0
∴ (−1, 0) is a maximum point

f ′′ (1) = 6(1) = 6 > 0
∴ (1, −4) is a minimum point

f ′′ (x) = 6x = 0
when x = 0

f (0) = (0 + 1)2 (0 − 2) = −2
∵ f ′′ (0−) < 0 and  f ′′ (0+) > 0
∴ (0, −2) is a point of inflection

Exercise 7.5

10. f (x) = 1
2x

∵ 
∞→x

lim  f (x)= 
−∞→x

lim  f (x) = 0

∴  y = 0 is a horizontal asymptote
∵ )( lim

0
xf

x −→
 = 

+→0x
lim  f (x) = ∞

∴  x = 0 is a vertical asymptote

12. f (x) = 
5 + 
1  2

x
x −

∞→x
lim  f (x) = 

∞→x
lim

5 + 
1  2

x
x −

= 
∞→x

lim

x

x
5 + 1

1  2 −

= 2
1

= 2
Similarly, 

−∞→x
lim  f (x) = 2

∴  y − 2 = 0 is a horizontal asymptote
∵ 

−−→ 5
lim

x
 f (x) = ∞ and 

+−→ 5
lim

x
f (x) = −∞

∴  x + 5 = 0 is a vertical asymptote
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19. y = 
4 + 
1  2

x
x −

∞→x
lim

4 + 
1  2

x
x − = 

∞→x
lim

x

x
4 + 1

1  2 −
 = 2

Similarly, 
−∞→x

lim
4 + 
1  2

x
x −  = 2

∴ y − 2 = 0 is a horizontal asymptote

∵
4 + 
1  2lim

)4( x
x

x

−
−−→

= ∞ and 
4 + 
1  2lim

)4( x
x

x

−
+−→

 = −∞

∴ x + 4 = 0 is a vertical asymptote

Exercise 7.6
1. Let x be one of the numbers

Then, the other number = 18 − x
Their product, P = x(18 − x)

dP
dx

= 18 − 2x

d P
dx

2

2 = −2

∴  
dx
dP = 0 when x = 9

∵  
9

2

2

=xdx
Pd = −2 < 0

∴  P is the greatest when x = 9
i.e.  The required numbers are 9 and 9

7. (a) The area of the first square = 
2

4






 x

= 2
2

cm 
16
x

The area of the second square = 
2

4
  40






 − x  cm2

= 2
2

cm 
16

)  40( x−

(b) The sum of the areas,

S = 
16

)  (40 + 
16

22 xx −

= 
16
1 (2x2 − 80x + 1600)

= 
8
1 (x2 − 40x + 800)

7. (c) dS
dx

= 1
8

(2x − 40)

d S
dx

2

2 = 1
4

∴
dx
dS = 1

8
(2x − 40) = 0 when x = 20

20
2

2

=xdx
Sd = 1

4
 > 0

∴  S is minimum when x = 20

∵ dS
dx

 < 0  for  0 ≤ x < 20  and

dS
dx

 > 0  for  20 < x ≤ 40

∴  S is decreasing on [0, 20) and
increasing on (20, 40]

Hence, S is the greatest at x = 0 or x = 40

When x = 0,  S = 
16

0)  (40 + 
16
0 22 −  = 100

When x = 40, S =
16

40)  (40 + 
16
40 22 −  = 100

∴  The greatest value of S is 100 cm2 when the
wire is uncut

(d) The least value of

S =
16

20)  (40 + 
16
20 22 −  (when x = 20)

= 50 cm2

11. (a) The length of a side of the base = (24 − 2x) cm
∴  Volume of the box, V = x(24 − 2x)2 cm3

(b) dV
dx

= x ⋅ d
dx

(24 − 2x)2 + (24 − 2x)2 ⋅ d
dx

(x)

= x ⋅ [2(24 − 2x) (−2)] + (24 − 2x)2 (1)
= (24 − 2x) (24 − 6x)

d V
dx

2

2 = (24 − 2x) (−6) + (24 − 6x) (−2)

= −192 + 24x

∴ dV
dx

= 0 when x = 4 or 12 (rejected)

4
2

2

=xdx
Vd = −192 + 24(4)

= −96
< 0

∴  V is maximum when x = 4
i.e. The height that yields maximum volume is

4 cm
16. (a) (i) Let h cm be the height of the cylinder

Perimeter of the sheet = 2x + 2h = 72
∴ h = 36 − x

(ii) Let r cm be the base radius of the cylinder
Circumference of the cylinder = 2πr = x

∴ r = 
π2
x
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16. (b) Volume of the cylinder, 
V = πr2 h

= π 
2

2







π
x  (36 − x)

= 
π4
1  (36x2 − x3)

dV
dx

= 
π4
1  (72x − 3x2)

2

2

dx
Vd = 

π4
1  (72 − 6x)

∴ dV
dx

= 
π4
1  ⋅ 3x(24 − x) = 0   

when x = 24 or 0 (rejected)

242

2

=x
dx

Vd = 
π4
1  [72 − 6(24)]

= −
π
18

< 0

∴ V is maximum when x = 24
i.e. The required dimensions are 24 cm × 12 cm

17. (a) (i) Let h cm be the height of the can
Capacity of the can = πr2h = 54π

∴ h = 54
2r

(ii) Let S cm2 be the surface area of the can
S = 2πr2 + 2πrh

= 2πr2 + 2πr 







2

54
r

= 2π 







r
r 54 + 2

(b) dS
dr

= 2π 






 − 2
54  2
r

r

d S
dr

2

2 = 2π 







3

108 + 2
r

∴ dS
dr

= 0  when  2r − 54
2r

= 0

r3 = 27
r = 3

3
2

2

=rdr
Sd = 2π 








33

108 + 2

= 12π > 0
∴  S is minimum when r = 3

21. (a) By similar triangles,

12
h12   − = r

8

∴ h = 
2
r312   −

(b) The volume of the cylinder,
V = πr2h

= πr2 





 −

2
3  12 r

= 3
2
π(8r2 − r3) cm3

21. (c) dV
dr

= 3
2
π(16r − 3r2)

2

2

dr
Vd  = 3

2
π(16 − 6r)

∴ dV
dr

 = 0  when  r = 16
3

 or 0 (rejected)

3
162

2

=rdr
Vd  = 














−

3
16 6  16 

2
3π

= −24π < 0

∴ V is maximum when r = 16
3

The corresponding value of

h = 
2

3
16  8 3 






 −

 = 4

i.e. The cylinder with base radius 5
3
1  cm and

height 4 cm gives the greatest volume


